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Abstract

In this article, we study a new type of mathematical model
of the diffusion equation. This model has space and time-
fractional derivative with both singular and non-singular
derivative i.e., having power-law kernel and Mittag-Lefller
kernel. This model is taken in a fuzzy environment. A de-
lay term is also added to this model. First, we approximate
the unknown fuzzy function as a truncated series expansion
of shifted Chebyshev polynomials. We find an approximate
formula for fractional derivatives and delay function. The
main advantage of this method in applying this method is,
the taken fuzzy fractional partial differential equation (FF-
PDE) reduces into a system of a non-linear fuzzy algebraic
equation. We solve this system by any method available
in the literature and find the value of unknowns. We depict
the validity and feasibility of this derived method by deriving
numerical solution of particular cases of taken fuzzy model.
We observe that this method is valid for a fuzzy fractional
differential equation with delay term and has good accuracy

as seen from the error tables.
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1. Introduction

Fractional calculus is an old branch of mathematics that allow to extend the integer order
differentiation and integration to the real or arbitrary order. The Gamma function play a
crucial role in fractional order operator definitions. Researchers gave many types of fractional
order derivatives and integrations. Some important are Caputo , Riemann-Liouville, Grunwald-
Letnikov and Hadamard. In the initial phase of fractional calculus development, the power law
kernel fractional operators are introduced. But these operators have their limitations in complex
phenomenas. To overcome this problem and to describe the behavior of complex phenomenas
fractional operators with non-singular kernel are introduced. Some of them are very popular
now-days like Caputo-Fabrizio derivative and Atangana-Baleanu derivative. These derivatives
have exponential kernel and Mittag-LefHer kernel respectively. The variable order derivatives in
which the order is a function of one or more variable has been introduced with many applications.
The fractional order differential equation are complex and to find out their solution is a tough
task. Thus many numerical methods have been developed to solve fractional order ODEs
and PDEs like as homotopy perturbation method [1], fractional differential transform method
[2], Adomain decomposition method [3], predictor-corrector method [4] and operational matrix
method based upon block pulse functions [5]. In daily life, many phenomenas and systems
have such property that it can be depicted by deterministic model. In such models, parameters
and functions attain value from an interval. Fuzzy modeling can easily describe the behavior
of such models. The application of fuzzy modeling can be seen in many areas and nowadays
it is progressing very much. There are many numerical methods dealing with fractional fuzzy
models like as implicit finite difference [6], Laplace tranform method for solving FFDEs [7] and
Adomain decomposition [g].
We see the many phenomena in our daily life that have diffusion process as so common. We
are so much familiar with the process of diffusion. In this phenomena, a physical quantity like
molecules moves from the higher concentration region to the lower concentration region. This
process is describes by a PDE known as diffusion equation. In the addition of diffusion process
many other processes also occurs simultaneously like as reaction and advection phenomena. In
reaction process the molecules reacts with other physical substance while in advection represent
the bulk motion of molecules with the fluid substance. The fractional diffusion equation has
been derived in last few years to depict the anomalous diffusion process which behavior was
unable to predict with integer order diffusion equation. The following equation represent the
fractional form of advection reaction diffusion equation
0= =

PG pyrcn - a1 (. )
The term V2Z((,n) denotes the diffusion process with D as diffusion coefficient.
The article has been divided into 6 sections. Section 2 has some properties of fuzzy calculus
that will be used in this article. The error bound has been given in section 3. The model has
been described along with developed method has been included in section 4. The results and

validation of method is given in section 5. The overall conclusion can be seen in last section.
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2. Some basic concepts and definitions of fuzzy set and fuzzy

calculus

In this section, the definition of fuzzy set, fuzzy number, fuzzy sum and differentiability on fuzzy
environment is given. The fuzzy form of Caputo and Mittag-Lefller kernel fractional derivative
is introduced here [9].
Definition 1: A fuzzy number is nothing but a mapping from the set of real numbers to the
closed interval [0, 1]

d:R—[0,1]

which satisfy some certain properties given as follows

—_

. The property of upper semi continuity is satisfied by mapping &.

[\V]

. Convexity
G (p¢ + (1 —p)z) <min{5(¢),5(2)}, p € [0,1]&V(, z € R. (2)

3. There exists a point zg € R such that the mapping & satisfies 6(z9) = 1.

4. If we define the support of mapping & by

then this support must satisfy the property of compactness.

Definition 2: For a fuzzy number 6 € Rp, the s-level set is defined as follows with

(4)

closure(supp(a)), s=0.

[&]:{{ZER:é(z)zs}, s € (0,1]

Here, R stands for the set of all fuzzy numbers defined on set of real numbers.

From the equation {4} it can be seen that level sets are closed and bounded interval i.e., [5(s)] =
6 (), 6 (s)].

Definition 3: The algebraic operations between two fuzzy numbers the fuzzy numbers 6 and

w are defined as
Lodw= (G +w,0"+uw'),
Ag—, AcT), A>0
2. A@&: ( o ) g )7 — )
(Act,Ac7), A<O.

The symbols @& and ® denote the addition and multiplication of fuzzy numbers.
Definition 4: The metric on space of fuzzy numbers is a mapping with domain Rr x Rp

and range R U 0. The distance between two fuzzy numbers is defined as [10, 11}, 12} [13]

w(5,w) = sup max{|g"(s) — @ (s)|, 6" (s) —w"(s)[}. (5)
s€[0,1]
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The above distance function satisfies the properties as follows
LU el wal)=v(6,0), Vs, 0,C € Rp.
2. ¥(a©®d,a®w) = |al¥(F,w),Ya € R,6,0 € Rp.
3. 06w, (®2) <W(5,()+¥(w,2), Vo, w,(, % € Rp.

The above metric space satisfies the property of completeness.
Definition 5:[14, [I5] The H-difference between two fuzzy numbers is defined with the help of

addition operation. We say v is the H-difference of another two fuzzy numbers w and Z if
W=TDV (6)

It is denoted by by w © .
Definition 6: An another type of difference known as generalized difference (g-difference) is

defined as
(W &y 2], = closure{ Ussr ([W]s ©gH [2]5)}, (7)

where [0]; represent the s-level fuzzy set of w.

Definition 7 [16]: Now, we give the important definition of fuzzy differentiability which has
been used throughout the article. Let us consider a function with domain open interval (¢, d)
and co-domain set of all fuzzy numbers on the set of real numbers. The fuzzy valued function
1 is said to be differentiable at point zo if 3 ¢/(z) € Rp such that it satisfies

1. The H-differences (2o + k) © 1 (20) and 1 (zp) © ¥ (20 — k) both must exist and

 Ylzo+kOY(20)  Y(z0)0P(0—k) -
kl_l)]r(]gl+ p = 2 - 0 =4’ (20) (8)

This type of differentiability is called 1-differentiability on open interval (c, d).

2. The another type of differentiability known as 2-differentiability is defined as

lim 1;(2’0 e 1/;(z0 +k)) _ 15(20 —k)e 1[](/20)

k—0+ —k —k

=4/ (20) (9)

Provided v(z9) & ¥ (20 + k) and (2o — k) & ¢(zo) must exist.

Definition 8: After the fuzzy differentiability, the another concept that we need in fuzzy
integrability. Let us consider a function f such that f : [e,d] — Rp. We say this function is
Riemann integrable if given € > 036 > 0s.t V Q = {[01, 02|, (} of domain |[c, d]

*

(Y6 -w) 0 fQ) < (10)
Q

with norms A(P) < . The notation Y p represents the addition operation & with respect to

fuzzy numbers. In simple notation, if the function f is Riemann-integrable than we write

d
I:(FR)/ f(2)dz. (11)
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2.1 Definition of fractional derivatives in fuzzy sense [17, [18,
19, 20, 21]

Here, the definitions of fractional derivative with power law kernel and Mittag-LefHler kernel
are discussed in fuzzy sense. They are extended from the original definition by apply crisp
definitions.

Fuzzy Caputo definition [22]: Choosing a function A({) € L{f N CF where Lf [c, d] contains
all measurable function in fuzzy sense and C¥]c, d] denotes the space of all continuous fuzzy

valued functions. Then Caputo definition in g-differentiability fuzzy sense is given as

P(C+E) Sg9(C)

(002 h)(C) = im > , (12)
where
¢

V(O = s [ €= hmdn <5 <1 (13)
In terms of p-level set, we can write as follows

ID7. h = ! : “h d 14

("D, B)(Cp) = F(1_7)/ (¢ —n)"B (1, p)dn (14)

IDY. - : “V8 (n,p)d 15

(D2, )G p) = F(1_7)/ (C )R (1, p)dn. (15)
with

(“DYh)(¢s) = [(QDZ@)(QP), ("D h)(C.p)|- (16)

Fuzzy definition of Mittag-Leffler kernel fractional derivative:

The Atangana-Baleanu fractional derivative in fuzzy sense can be defined as follows

[(4PCDLF(Q)], = [*PCDLf(C,8), PO DI (G, 9)], (17)
where
_ B(Y) ‘L7 g
DO = s | B[] s . (15)

2.2 Chebyshev polynomial and its basic properties

Here, we present the series definition of Chebyshev polynomial along with some of its properties.
Chebyshev polynomial of degree ¢ can be written as follows

i

_ i—ki — 1) 2k
w0 =iy Y 2k(!(i+—kk)!1)'2 ¢ (19)
k=0
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where i = 0,1,---.

Chebyshev polynomials satisfies the orthogonality property on integral [—1, 1] with respect to

. . 1 .
the weight function Sic which can be represented as

0, J#i,
L i=j=0, (20)

/1 Vi (Q)vi(C) -
1 /1 -=¢2 .
2

In this article, the considered interval is [0, 1] thus the used Chebyshev polynomials are shifted
1

V¢

on interval [0, 1]. According to the shift, the weight function transforms to

2.3 Approximation of fuzzy valued function in terms of Cheby-

shev polynomial

Consider a fuzzy valued function #(¢) which is a member of L¥(0,1)] N C¥(0,1). It can be
approximated in terms of shifted Chebyshev polynomials on the interval [0, 1] [22]

() =Y di © pr(Q), (21)
k=0

the summation in above series is corresponds to the fuzzy addition @. The unknown coefficients

in this series can be determined by using the orthogonal property of Chebyshev polynomials

S o a0 o elQ)
i = < @/0 e (22)

with ¢

1 k=0
= (23)
2 k=12,

We consider (m + 1) terms of of series (39) for numerical computation, finite series can be

rewritten in terms of matrix form as follows
im(C) =Y di © pr(Q) = O, © ¥ (Q), (24)
k=0

where ©F denotes the unknown fuzzy coefficient vector and W¥,,(¢) is column vector having its

elements shifted Chebyshev polynomials

O} =[do,d1, -, dy] (25)
Ui (€) = [01(¢), 02(C), -+, @m(Q)]. (26)
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3. Error bound

In this section, some lemmas and theorems have been proven. The error bound has been
obtained with the help of lemmas.

Lemma 1: If iL(C ) is an absolute continuous function and CDSM(C ) is a continuous function
with 0 <~y <1, k=0,1,-,n4 1 then

[R(O)" = [27(C), h"(C)] (27)
r _ - C’yj C ryivyr CD(n+1)7h’Y(€0) (n+1)

LW (¢) = jz::o TG+ 1) DYR"(0%) + Ty +7+1) ¢ty (28)

— n ¢ e CD(n+1)7m(<0) (nt1)

with © D77 (0F) = C DYVR7(()|¢c=o and C DVRT(0F) = DA (()|c=o-

Proof: For proof see article [23].

Lemma 2: Considering a function @ which belongs to both the spaces (¢) € L¥(0,1] C¥(0,1]

and its fractional derivative in Caputo sense “D7@i(¢) is a member of space CF(0,1] with
€ (0,1), ¢ €[0,1]. If the function @(¢) satisfies the conditions of 1-differentiability then

Q) - 30 D (ot M 30
a - _— U -
- = TGy+1) — =7 Dy +y+1)
¢ g Ipp— ¢ty
( —_“DIEr(o M, —— 31
(¢ ZF]’H‘U T "T(ny+v+1) (81)
where D("H)Va(@) < M7 and D("+1)7Q(§0) <M,.
Proof: The following expression can be obtained with the help of Lemma 1
—~ o DY (Go) (i
r _ DY (01) + (n+ )77 32
() ;ruwn O+ T ¢ (32)
L n ¢V O i CD(”+1)’YU’Y(<O> )
() =3 = Cpgr(ot) + (417, 33
7O =2 31 DTN Ty 113 (33)
By using the properties of mod function
n j C p(n41)v,,v
C iy, m(+ “D u?(Co)| (n+1)
Dy (07)] < v 34
JZFMJr w0l < F(ny+y+1) ‘ (34
_ ¢ty
<M (35)

"T(ny+v+1)

The expression for upper bound can derived in similar manner.

Theorem 1: Considering the fractional derivative of order v of function @(¢{) belonging to
both of spaces LZ(0,1] and C¥(0,1] and space of fuzzy numbers with finite dimension. If
#0(C), 01(C), -+, #n(¢) is the basis of L¥(0,1] N CE(0,1]. Le @,(¢) = O ® ¥,,(¢) is the best
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approximation of function %({) in terms of Chebyshev polynomials then

lim D(a(C), un(C) = 0 (36)

n—o0

Proof: Let h(¢) is a fuzzy valued function with its r-level set [h(¢)]” = [A"(¢), h"(¢)]. By the

Taylor’s formula given in Lemma 1 we have

() — i< ur— S
[2”(¢) — h(¢]< 77m7 (37)
Q) — (o)< T
[u(¢) = R (Q)|< Ty 7+ 1) (38)
The function @(¢) has its best approximation®?! ® ¥,,(¢) then we have
" ol 0 v, (0)< " hT(¢|< M” S 39
[@"(¢) — ©;, © ¥y (Q)|< ‘Uf(o—f(d_fym, (39)
o or o hr 7
[a™(C) = ©,, © ¥, (¢)|< [um(¢) — h"(¢)|< M«,m~ (40)
Now
1@ (¢) — ©F © Wa(O? < [l@"(¢) — A" (¢]I?
MQQ ! 2(n+1)y
< W+,
< A n
T Ty +v+1)22(n+1)y+1)2 (41)
In this similar way
[7() =8, @ La(OIP < 7() = A (¢IP
M}f ! 2(n+1)y
d
< ey <
Mr2
J : (42)

= Ty +4 1 D2E0+ )y +1)2

The right hand side term of equation (35) and (36) tends to zero as n tends to co. Thus we can
say that
lim D(a(C), in(C) = 0

n—oo

4. Model description and numerical method dealing with model

In this section, we have investigated a fuzzy model of reaction-diffusion equation. This model

has a time delay and time fractional derivative of power law kernel and Mittag-Leffler kernel
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type.

§Djucn) = DTG @ danu(Com).ulC. ) @ FC) (43)

with 0 < ( < 1,0 <n < 1and e € [-),0]. We investigated this model with two type of

fractional derivative

o GF1=C, Caputo derivative with power law kernel.

o GF,=ABC, Caputo derivative with Mittag- Leffler kernel.

For model, the following initial and boundary conditions are considered

@(¢,0) = f1(¢), @(0,n) = fa(n),@(1,n) = f3(n). (44)

Here all fractional derivatives are considered in respect of Hukuhara derivative. The model can

be fuzzified V s € [0,1] in the following manner

[@(C,n))° = [w(C,m, ), 5(¢,m, 9], (45)
55Dl acc,n)® = 167 D) u(C.n), § DA, n)), (46)
O*u(¢, )., 0%u(C,n,s) 9%u((,n,s)

i e et (47)
P& =[£G s),a(C,m, )], (48)

The model can be written in terms of lower and bound as

§Dutcon) = DT 6 i(ulon) G - ) 0 £(Gn.9), (49)
u(¢.0) = £,(0) (50)
u(0,n) = f,(n), (51)
Q(lvn) = i3(77)7 (52)
Do) = DT 6 (@) W - ) 0 TG 9) (53)
w(6.0) = F1(0) 54)
w(0,1) = T, (55)
a(1,m) = Faln) (56)

To find out the numerical solution of model 43| we use the Chebyshev approximation of function

a(¢,n)

W(Cn) =m(Cn) =D > &k ©0(Q) @ dr(n) = V() © O © U (), (57)

7=0 k=0

where ¢, are to be determined. The model @ has the fractional order derivatives of order (8

and . Thus approximating these fractional derivatives in terms of Chebyshev series. For this
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we operate fractional differential operator of 8 and v with power kernel law on both side of

equation [57]

DL = D7 3232 ©065(0) © ¢yl
pr
= Xmgzm%éjp © 6;(Q) ©§ D] dp(n),
pr
- ﬁ:jf% ©6;(0) 0§Dy ,;o p(‘”z,ffgf_’;)j D2
- ;i% oeoe ki;o p(_l)pz_;(&iii D2 g ri(il% " p,
) jiog)kiéjp V0o p(l)p;:!(gat%! e F(E(izf)ﬁ)”kﬁ. (58)

Applying same procedure for the fractional derivative with Mittag-Leffler kernel

$BCDYa(C,n) = D)D" e, @ 65(C) © dy(n),

7=0 p=0
=33 &, 0,0 © 45D, (),
7=0 p=0
m m k 2k
_ g (=P (p+k—1)12°%%
=33 6,060 ©459D; Z A
P 2k!(p — k)!
m m . p p k p—i—k )122k
_ Z;z:)cjp@@ @Z S ek (69
j=0p=

where the ABC derivative of function 7 can be evaluated by using any numerical integration

scheme and we have taken éBCDf n* = w(k, 3,1) Now we approximate the spatial derivative

and delay function with the help of Chebyshev polynomial series expansion

0?2
15(5277 *5D<ZZ%®¢] ) © ¢p(n),

7=0 p=0
:ZZ%@%( ) D<¢J(C)
7=0 p=0
m m 7. ik 2%k
_ = cp2N~JEDTEG R DR
= jgopgocjz)@%(n) ®0D<k§::0 2%1(j — k). ¢
S L j(—1)T R+ k — 1)l2%
=33 a0 0 VI 0o )
j=0 p= =
And ) . )
_ T p(=1)PF(p+ k — 1)122
(¢ =) = ;;)cjp@@(o @Zjo T (61)
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The fuzzy initial and boundary conditions are approximated with the help of equation [44]

3 65,0 65(0) © 6p(0) = f(0), (62)
7=0 p=0
35 65(0) © 6,(n) = falm), (63)
7=0 p=0
SN e ©65(1) © dp(n) = faln). (64)
7=0 p=0

The following residue is obtained for the case of power law kernel fractional derivative after

putting the value of unknown function and its derivatives in model

PN N p(_l)p—k(p+k—1)!22k F1+k) 4 5
£.(C,n) fZZZcp(D% 2k1(p — k)! ®F(1—H<:—/3)77

m p—k _ 2k
@dW( >k ©65(Q) © dr(n ZZ%GQ Z - 2k!((};9tl;<:)! = (n_e)k>

0 k=0 7=0 p=0 =0
f(¢,m) (65)

Similarly, for Mittag-Leffler kernel fractional derivative the following residue is obtained

~ m m P - —k o 2k
Eanccm =330 Y a0 05(¢) 0 B e 0 ik )

_ Diy‘(—l)ﬂ'kmk—l)m% Kk — 12

k=0 2k!(4 _k)'
@ dik i iéjk © ¢;(C) © ¢r(n), izm:gjp ©¢;(0)® Zp: p(=1)PF(p+ k — 1)12% —_
j=0 k=0 =0 p=0 Pt 2k!(p — k)!
® f(¢m)- (66)

We collocate equations and at Chbeyshev nodes respectively for power
law kernel and Mittag-leffler kernel fractional derivatives. A system of fuzzy algebraic equation

is obtained which gives the value of unknowns after solving by the method given in [24].

5. Numerical examples

In this section, the proposed method has been applied to some particular cases of our fuzzy
reaction-diffusion model. We have used the Mathematica 11.3 in all numerical calculations.
Example 1: Choosing 3 =09, D=1,d; =1 m(u(g:, n),u((,ﬁ —¢)) = —a? +a(¢,n —0.4) and
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€ = 0.4, the following fuzzy time fractional diffusion equation is obtained

2
6 Dy a(¢,m) = %Ci”) S +a(Cn = 04) & F(¢,m). (67)

We choose the following initial and boundary conditions
a(¢,0) = a(s)¢%,a(0,m) = 0,a(1,9) = a(s)e™" (68)

with exact solution (¢, n, 8, s) = @(s)¢%e~" and &(s) = [1 + 0.5s,2 — 0.5s]. We plot the graph
of numerical and exact solution for m = 6 which can be seen in Figl[l] Table [I] depicts the

variation of absolute error for lower and upper solution both.

Figure 1: Plots of u((, 7, s) for m = 4 in case of numerical and exact solution for s = 0.2.

Table 1: Exhibition of absolute error at different value of ( at n = 0.1, s = 0.1 and for
m="1.

¢} Value of absolute error in case of Value of absolute error in case of

lower solution upper solution
0.1 6.6 x 107° 4.5 %1075
0.2 4.8 x 107 6.4 x 1075
0.3 5.4 x 107 7.2 x 107
0.4 1.4 x107° 3.0 x107°
0.5 4.9 x 107 6.9 x 1075
0.6 7.4 %107 2.2 x 107
0.7 2.5 x 107 4.5 x 107
0.8 9.1 x10°¢ 8.7 x 1076

Example 2: Considering another particular case of diffusion equation with 2 = 0.9, D =1,
dy =1, w(u(C,n), u(¢n —€)) = a(¢,n) (1 - a(¢,n — 0.4)) and e = 0.4

25 ~
Fopvatc.n = T & e, (1 - .~ 0-0) & F(Gon) (69)
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The fuzzy initial and boundary conditions are taken as follows
u(¢,0) = 0,u(0,n) = 0,u(1,n) = 0. (70)

The exact solution od above problem is @(¢,7,s) = a(s)n?sin(7¢) and the value of function
a(s) is [1 + 0.5s,2 — 0.5s]. Figl2) represents the 3D plot of exact and numerical solution. The

absolute error between exact and obtained numerical solution can be seen in Table Bl

u(¢.nss)

u(Z,n, Sf

Figure 2: Plots of u((, 7, s) for m = 4 in case of numerical and exact solution for s = 0.2.

Table 2: Exhibition of absolute error at different value of ¢ at n = 0.1, s = 0.1 and for
m="T.

¢ | Value of absolute error in case of Value of absolute error in case of
lower solution upper solution

0.1 3.5 x 1072 1.6 x 1074
0.2 2.8 x 1074 6.3 x 1074
0.3 7.5 % 1073 9.4 x 1074
0.4 1.7 x 1073 7.3 x 1073
0.5 6.7 x 1073 5.6 x 1073
0.6 5.9 x 1073 2.8 x 1073
0.7 3.3 x 107 8.6 x 1074
0.8 7.2 x 1074 4.9 x 1074

Example 3: If we choose 8 = 0.9, D = 1, d; = 1, H(u(f,n),u((,ﬁ—e)) = a(¢,n)(1 -
@(¢,n—0.4)) and € = 0.4 with Mittag-Leflfer time fractional derivative then the following fuzzy

reaction-diffusion equation is obtained

2,& N
0D a(¢n) = %ﬁ;’” @a(¢,n) (1 —a(¢,n—04) & f(¢n). (71)

The following initial and boundary conditions is chosen
(¢, 0) = a(s)¢?,a(0,n) = 0,a(1,m) = a(s)e™". (72)

where &(s) is [1 4+ 0.5s,2 — 0.5s]. The exact solution of this problem is a(s)e "¢3. Fig is
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corresponds to the numerical and exact solution of this problem. Table[3|represents the absolute

error between numerical and exact solution in case of lower and upper solution both.

__uZns)

u(¢.ns)

Figure 3: Plots of u(¢,n, s) for m = 4 in case of numerical and exact solution for n = 0.5.

Table 3: Exhibition of absolute error at different value of ¢ at n = 0.1, s = 0.1 and for
m="T.

¢ 1 Value of absolute error in case of Value of absolute error in case of

lower solution upper solution
0.1 2.4 %1073 6.4 x 1073
0.2 3.1x1073 2.4 %1073
0.3 2.3 x 107 1.6 x 1072
0.4 8.5x 107 7.5 x 1074
0.5 2.4 %1073 5.9 x 1073
0.6 4.5 %1073 6.5 x 1073
0.7 5.5 x 1073 1.4 x 1073
0.8 7.9 x 1074 1.3 x 1073

We can draw a conclusion from all 3 examples that our method has successfully implemented
on a new class of fuzzy time delay partial differential equation with power law and Mittag-Leffler
kernel fractional derivative. We see that our method is valid for both type of delay differential

equation having Caputo and ABC fractional derivative.

Example 4: Considering the following model from the research paper

ou(¢,m) _ d*a(¢,n)
877(1 - 8(2 ) 0< C < 1a n > 0 (73)

subject to the boundary conditions @(0,7n) = 0, @(1,n) = 0, and following initial condition

a(¢,0) = {ksin(r(), 0<¢<1, (74)

where k(r) = (0.1r — 0.1,0.1 — 0.17) V¥r € [0,1] and exact solution for above problem is as
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follows:

a(Comiar) =S

n=0

o
I'(1+ no)

no

k(r)sin(m() (75)

The comaparision between error obtanied from mentioned litearture and our results is de-

picted with the following absolute error table. From the analysis presented in the table above,

Error in article

Error obtained from our method

r
0 0.0005933599789698339 2.65 x107°
0.2 0.0004746879831758668 3.54 x107°
0.4 0.0003560159873818988 7.14 x107°
0.6 0.00023734399158793383 5.47 x1076
0.8 0.00011867199579396691 6.14 x1076

Table 4: Values of absolute error for lower solution for different r-levels at n = 0.05,
a = 0.5, and for all r € [0, 1].

it becomes evident that our method exhibits superior accuracy, particularly in the context of

Caputo type fractional derivative models, as considered in existing literature. Furthermore, our

approach consistently delivers the desired levels of precision when applied to complex Mittag-

Leffler kernel fractional fuzzy models, which are the focus of our investigation. These findings

underscore the effectiveness and applicability of our method across a range of fractional calculus

models, highlighting its potential for various real-world applications.

0.08

Mittag-Leffler kernel derivative
Caputo derivative

u(Z,n)-Lower solution

0.1 0.2 0.3 0.4
4

(a) Lower Solution

u(Z,n)-Upper solution

0.15

—— Mittag-Leffler kernel derivative
Caputo derivative

0.10
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0.00 L L L L L L
0.0 0.1 02 03 0.4 05
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Figure 4: Comparison of solutions of u({,n, s) for m = 4 in case of Mittag-Leffler kernel
derivative and Caputo derivative for n = 0.5 and r = 0.2.
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Figure 5: Plots of u({,n, s) for m = 4 in case of numerical and exact solution for = 0.5
and r = 0.2.

A comprehensive comparative investigation has been conducted on reaction-diffusion models
incorporating time-delay, juxtaposing the Caputo and Mittag-Leffler kernel derivatives. At a
fixed time parameter of t = 0.5, the concentration of solute, represented by u((,7, s), exhibits
notably higher values when employing the Mittag-Leffler kernel derivative, evident across both
upper and lower solution boundaries. However, this discrepancy in concentration diminishes
when considering the upper solution. Similarly, when observing a fixed spatial position, the
concentration of solute is consistently higher when employing the Mittag-Leffler kernel compared
to the Caputo case. Notably, the introduction of time delay induces a pronounced bending in

the plot of u({,n, s), particularly evident until the time delay of ¢ = 0.4 has transpired.

6. Conclusion

In this article, a study of fractional reaction-diffusion equation has been done with time delay
in fuzzy environment. We have taken time-fractional derivative with power law kernel and
Mittag-LefHer kernel. The approximation of unknown fuzzy function is based upon Chebyshev
polynomials. The spectral method has been used in solving the model. This method converted
the model into a system of fuzzy algebraic equations. That is solved with the help of method
given in literature. The feasibility of proposed method can be seen from the exact and numerical
solution figures. We can say our method is applicable on such type of models and has a desired

accuracy.

7. References

References

[1] I. Hashim, O. Abdulaziz, S. Momani, Homotopy analysis method for fractional ivps, Com-

munications in Nonlinear Science and Numerical Simulation 14 (3) (2009) 674-684.

[2] P. Darania, A. Ebadian, A method for the numerical solution of the integro-differential
equations 188 (2007) 657-668.

36



Journal of Applied Mathematics and Computational Research (JAMCR) Volume 1, Issue 1, Pages 21-38

[3]

[11]

[12]

[16]

[17]

L. Suarez, A. Shokooh, An eigenvector expansion method for the solution of motion con-

taining fractional derivatives 64.

K. Diethelm, N. J. Ford, A. D. Freed, A predictor-corrector approach for the numerical
solution of fractional differential equations, Nonlinear Dynamics 29 (1-4) (2002) 3-22.

Y. Li, N. Sun, Numerical solution of fractional differential equations using the generalized
block pulse operational matrix, Computers & Mathematics with Applications 62 (3) (2011)
1046-1054.

H. Zureigat, A. I. Ismail, S. Sathasivam, Numerical solutions of fuzzy fractional diffusion
equations by an implicit finite difference scheme, Neural Computing and Applications 31 (8)
(2019) 4085-4094.

S. Salahshour, T. Allahviranloo, S. Abbasbandy, Solving fuzzy fractional differential equa-
tions by fuzzy laplace transforms, Communications in Nonlinear Science and Numerical
Simulation 17 (3) (2012) 1372-1381.

S. Salahshour, A. Ahmadian, C. S. Chan, A novel technique for solving fuzzy differen-
tial equations of fractional order using laplace and integral transforms, in: 2016 IEEE
International Conference on Fuzzy Systems (FUZZ-IEEE), IEEE, 2016, pp. 1473-1477.

D. Dubois, E. Kerre, R. Mesiar, H. Prade, Fuzzy interval analysis, in: Fundamentals of

fuzzy sets, Springer, 2000, pp. 483-581.

C. Bertoluzza, N. Corral Blanco, A. Salas, On a new class of distances between fuzzy

numbers, Mathware & soft computing. 1995 Vol. 2 Num. 2.

S. Heilpern, Representation and application of fuzzy numbers, Fuzzy sets and Systems
91 (2) (1997) 259-268.

R. Goetschel Jr, W. Voxman, Topological properties of fuzzy numbers, Fuzzy Sets and
Systems 10 (1-3) (1983) 87-99.

V. Kratschmer, Some complete metrics on spaces of fuzzy subsets, Fuzzy sets and systems
130 (3) (2002) 357-365.

B. Bede, L. Stefanini, et al., Generalized differentiability of fuzzy-valued functions., Fuzzy
Sets and Systems 230 (1) (2013) 119-114.

L. Stefanini, B. Bede, Generalized fuzzy differentiability with lu-parametric representation,
Fuzzy Sets and Systems 257 (2014) 184-203.

O. Kaleva, The calculus of fuzzy valued functions, Applied Mathematics Letters 3 (2)
(1990) 55-59.

H. N. Van, V. Ho, A survey on the initial value problems of fuzzy implicit fractional

differential equations, Fuzzy Sets and Systems.

37



Journal of Applied Mathematics and Computational Research (JAMCR) Volume 1, Issue 1, Pages 21-38

18]

22]

[23]

[24]

N. Van Hoa, H. Vu, T. M. Duc, Fuzzy fractional differential equations under caputo—
katugampola fractional derivative approach, Fuzzy Sets and Systems 375 (2019) 70-99.

H. Van Ngo, V. Lupulescu, D. O’Regan, A note on initial value problems for fractional
fuzzy differential equations, Fuzzy Sets and Systems 347 (2018) 54-69.

V. Lupulescu, Fractional calculus for interval-valued functions, Fuzzy Sets and Systems
265 (2015) 63-85.

H. V. Long, N. T. K. Son, H. T. T. Tam, The solvability of fuzzy fractional partial dif-
ferential equations under caputo gh-differentiability, Fuzzy Sets and Systems 309 (2017)
35-63.

A. Ahmadian, M. Suleiman, S. Salahshour, An operational matrix based on legendre poly-
nomials for solving fuzzy fractional-order differential equations, in: Abstract and Applied
Analysis, Vol. 2013, Hindawi, 2013.

M. Mazandarani, A. V. Kamyad, Modified fractional euler method for solving fuzzy frac-
tional initial value problem, Communications in Nonlinear Science and Numerical Simula-
tion 18 (1) (2013) 12-21.

T. Allahviranloo, M. A. Kermani, Solution of a fuzzy system of linear equation, Applied
Mathematics and Computation 175 (1) (2006) 519-531.

38



	Introduction
	Some basic concepts and definitions of fuzzy set and fuzzy calculus
	Definition of fractional derivatives in fuzzy sense van2019survey,van2019fuzzy,van2018note,lupulescu2015fractional,long2017solvability
	Chebyshev polynomial and its basic properties
	Approximation of fuzzy valued function in terms of Chebyshev polynomial

	Error bound
	Model description and numerical method dealing with model
	Numerical examples
	Conclusion
	References

