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Abstract

This article presents a Laguerre-Galerkin approximation for
the numerical solution of time-fractional sub-diffusion equa-
tions involving the Caputo fractional derivative. The pro-
posed methodology employs the separation of variables tech-
nique to decompose the governing equation into a spatial or-
dinary differential equation and a fractional temporal equa-
tion into spatial and temporal components. The resulting
spatial boundary value problem is approximated using La-
guerre polynomial basis functions, while the temporal com-
ponent is represented through the Mittag-Leffler function.
Both Neumann and Dirichlet boundary conditions are inves-
tigated. For problems with Dirichlet boundary conditions, a
shooting technique is utilized to obtain an equivalent Neu-
mann formulation suitable for the proposed approach. Nu-
merical experiments are carried out for different values of
the fractional order and approximation parameters. The ob-
tained numerical solutions are compared with available exact
solutions through graphical and error analysis. The results
demonstrate that the proposed method provides accurate
approximations with good convergence characteristics and
serves as an efficient Computationally tool for the study of
time-fractional sub-diffusion models.
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1. Introduction

Fractional calculus extends the classical concepts of differentiation and integration from integer
orders to arbitrary real or complex orders. During research decades, fractional differential
equations have attracted considerable attention due to their capability to describe memory and
hereditary effects that cannot be adequately captured by classical integer-order models. Such
equations have found applications in viscoelastic materials, heat transfer, porous media, control
theory, bioengineering and many other areas of science and engineering [1, 13].

Among the various models arising in fractional calculus, the time-fractional sub-diffusion
equation has emerged as an important mathematical framework for describing diffusion pro-
cesses characterized by slow propagation rates. A general form of the time-fractional sub-
diffusion equation is given by

CDα
t u(x, t) = κ

∂2u(x, t)

∂x2
+ f(x, t), 0 < α < 1,

where u(x, t) denotes the unknown field variable, κ is the diffusion coefficient, f(x, t) represents
a source term, and CDα

t is the Caputo fractional derivative of order α. When α = 1, the model
redu8ces to the classical diffusion equation. For 0 < α < 1, the equation describes sub-diffusive
behaviour, in which the diffusion process evolves more slowely than in the classical case [5, 6].

The solution of fractional differential equation is often expressed in terms of the Mittag-
Leffler function, which plays a role analogous to that of the exponential function in classical
differential equations. Owing to its ability to characterize memory-Leffler function appears
naturally in the analytical representation of many fractional-order systems [11]. Consequently,
it has become an essential tool in the stud of fractional diffusion and transport phenomena.

Although exact solutions can be obtained for certain special cases, most practical fractional
diffusion models require efficient numerical techniques. In recent years, spectral and weighted
residual methods have gained considerable popularity because of their high accuracy and rapid
convergence properties. Among these approaches, the Galerkin method is particularly attractive
since it transforms the governing differential equation into a finite-dimensional algebraic system
by enforcing orthogonality of the residual with respect to the chosen approximation space [3,4]

Orthogonal polynomial basis functions play a significant role in the effectiveness of Galerkin-
type methods. In particular, Laguerre polynomials posses favorable approximation properties
and have been successfully employed in the numerical treatment of ordinary and partial differen-
tial equations. Their orthogonality and recursive structure make them suitable basis functions
for constructing accurate spectral approximation [15].

Motivated by these developments, the present work investigates a Laguerre-Galerkin approx-
imation for time-fractional sub-diffusion equations involving the Caputo fractional derivative.
The method of separation of variables is employed to decompose the governing fractional partial
differential equation into a spatial ordinary differential equation and a fractional temporal equa-
tion. The resulting spatial problem is approximated using Laguerre polynomial basis functions
within the Galerkin framework. Both Neumann and Dirichlet boundary value problems are
considered. For problems prescribed with Dirichlet boundary conditions, a shooting technique
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is utilized to obtain an equivalent Neumann formulation suitable for the proposed numerical
treatment. Numerical examples are presented to demonstrate the accuracy, effectiveness, and
convergence of the proposed approach.

The remainder of this paper is organized as follows. Section 2 presents the preliminary
concepts and definitions related to the Caputo fractional derivative, Mittag-Leffler function,
and Laguerre-Galerkin methodology for solving the time-fractional sub-diffusion equation. Nu-
merical examples and graphical illustrations are presented in Section 4. Error analysis and
convergence properties of the proposed scheme are discussed in Section 5. Finally, Section 6
summarize the main conclusions of the study and outlines possible directions for future research.

2. Preliminaries

Some fundamental definitions are given in this segment.

Definition 2.1 [1] The Caputo fractional derivative of order α, 0 < α < 1, is introduces as
follows:

CDα
t f(t) =

1

γ(1− α)

∫ t

0

f ′(τ)

(t− τ)α
.

Definition 2.2 [3] The one-parameter Mittag-Leffler function, which frequently appears in
fractional-order models, is given by:

Eα(z) =

∞∑
k=0

zk

γ(αk + 1)
, α > 0.

Definition 2.3 [2] The Laguerre polynomial sequence can be represented through the Rodrigues
formula as follows:

Ln(x) =
ex

n!

dn

dxn
(e−xxn), n = 0, 1, 2, ...

The first few Laguerre polynomial are given by

L0(x) = 1, L1(x) = 1− x, L2(x) = 1− 2x+
x2

2
.

The Caputo fractional derivative is widely used in modeling memory-dependent diffusion pro-
cesses, while the Mittag-Leffler function naturally appears in the analytical solution of fractional
differential equations. Furthermore, Laguerre polynomials provide an orthogonal basis that is
particularly suitable for Galerkin-type approximation. These concepts from the mathematical
foundation of the numerical scheme developed in this work.

3. Proposed Method

Consider the homogeneous time-fractional sub-diffusion equation

CDα
t u(x, t) = κ

∂2u(x, t)

∂x2
, 0 < α < 1.
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To obtain an analytical numerical representation of the solution, the method of separation of
variables is employed by assuming

u(x, t) = X(x)T (t).

Substituting this form into the governing equation and separating the spatial and temporal
variables yields

X(x)CDα
t T (t) = κT (t)X ′′(x),

CDα
t T (t)

T (t)
= κ

X ′′(x)

X(x)
= −λ,

where, λ denotes the separation parameter. Consequently, the original fractional partial differ-
ential equation is reduced to the following pair of equations:

CDα
t T (t) + λT (t) = 0, and X ′′ + λ

κX(x) = 0.

The temporal component admits a solution in terms of Mittag-Leffler function,

T (t) = Eα(−λtα),

which naturally arises in fractional-order systems and generalizes the classical exponential func-
tion and Eα(·) denotes the Mittag-Leffler function.

For the spatial component, a Laguerre-Galerkin approximation solution is expressed as a fi-
nite expansion of Laguerre basis functions,

XN (x) =

N∑
i=0

ciLi(x),

where, Li(x) are Laguerre polynomials of degree i and ci are unknown coefficients to be deter-
mined.

Substituting XN (x) into the spatial equation yields the residual

R(x) = X ′′
N (x) +

λ

κ
XN (x). (1)

To solve the spatial governing equation via the Laguerre-Galerkin approach, the residual R(x)

defined in Eq.(1) is projected onto the space spanned by the test functions. The corresponding
weak form is established by enforcing the standard orthogonality condition according to the
Galerkin prescription: ∫ b

a
R(x)Lj(x)dx = 0, j = 0, 1, 2, ..., N

Substituting the explicit expression of the residual yields the following integral statement:∫ b

a
(X ′′

N (x) +
λ

κ
XN (x))Lj(x)dx = 0.
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To lower the continuity requirements on the approximating basis and systematically introduce
the boundary state, integration by parts is performed on the second-derivative operator. This
operation transforms the integral equation into:

[
X ′

N (x)Lj(x)
]b
a
−
∫ b

a
X ′

N (x)L′
j(x)dx+

λ

κ

∫ b

a
XN (x)Lj(x)dx = 0.

The boundary term
[
X ′

N (x)Lj(x)
b
a

]
serves as the direct entry point for the prescriptive boundary

conditions of the system.
Next, substituting the finite linear combination XN (x) =

∑N
i=0into the weak form leads to

discrete generalized eigenvalues problem:

(K − µM)c = 0,

where µ = λ
κ , c = [c0, c1, ..., cN ]T denotes the vector of unknown expansion coefficients. The

global stiffness matrix K and mass matrix M are defined element wise by the following inner
products:

Kij =
∫ b
a L′

i(x)L
′
j(x)dx and Mij =

∫ b
a Li(x)Lj(x)dx.

A non-trivial solution for the system exists if and only if the characteristic determinant satis-
fies det(K − µM) = 0, from which the approximate spatial eigenvalues µ1, µ2, ..., µN and their
corresponding eigenfunctions Xn(x) are determined from the generalized eigenvalue problem,
the decoupled time-dependent fractional ordinary differential equation can be solve analytically.

Consequently, the total approximate solution uN (x, t) to the original fractional initial-boundary
value problem is constructed via linear combination as:

uN (x, t) =
N∑

n=1

AnXn(x)Eα(−λnt
α),

where Eα(·) denotes the standard one-parameter Mittag-Leffler function, defining the anomalous
relaxation behaviour of the temporal component, and α represents the fractional order of the
time derivative. The unknown expansion constants An are uniquely determined by enforcing
the specified initial condition u(x, 0) = f(x).

3.1 Transformation of Dirichlet Conditions via Shooting Method
When Dirichlet constraints X(a) = x1 and Xb = x2 govern the system, the Shooting Method
systematically reformulates the boundary value problem into an initial value problem. This
transformation extracts the missing terminal Neumann condition through the following itera-
tive algorithm:

1. The unknown initial gradient is parameterized as a shooting guess sk, yielding the tem-
pory Neumann condition:
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X ′(a) = sk.

2. The resulting initial value problem, initiated by the vector [α0, sk]
T , is integrated numer-

ically across the domain [a, b] using a standard Runge-Kutta method of fourth order.

3. The boundary discrepancy at the terminal node x = b defines the objective root-finding
function:

F (sk) = X(b; sk)− β0 = 0.

4. The parameter sk is continuously updated via the Newton-Raphson mapping until con-
vergence criteria are met:

sk+1 = sk − F (sk)
F ′(sk)

.

Once |F (sk)| < ϵ, the converged root s⋆ provides the exact equivalent Neumann boundary
condition X ′(a) = s⋆ needed for the variational matrices.

4. Numerical Examples and Error Analysis

In this section, the effectiveness and accuracy of the proposed Laguerre-Galerkin approach are
examined through several numerical examples. Both Neumann and Dirchet boundary value
problems are considered. The obtained approximate solutions are compared with the corre-
sponding exact solutions through graphical representations and error tables. The numerical
results demonstrate the applicability and accuracy of the proposed method for solving time-
fractional sub-diffusion equations. The numerical simulations were implemented and excuted
using MATLAB.

Problem 1. In this Problem, consider the following time-fractional sub-diffusion equation
with Neumann boundary conditions governed by the Caputo fractional derivative:

CDα
t = κ

∂2u(x, t)

∂x2
, 0 < α < 1, 0 < x < π

subject to the homogeneous Neumann boundary conditions:

∂u(0, t)

∂x
= 0,

∂u(π, t)

∂x
= 0

and initial state specification:
u(x, 0) = cos(x).

The analytical solution to the initial boundary value problem is given by

u(x, t) = Eα(−tα)cos(x),

where Eα(·) represents the one-parameter Mittag-Leffler function.
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Figure 1: Comparison profiles of the analytical solution against the approximate solu-
tions u(x, t) generated via the Laguerre-Galerkin scheme for Problem1, under varying
combinations of fractional order α, approximation order N , and time instances t over the
spatial grid x ∈ [0, π].

Figure 2: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
1 at α = 0.6 and N = 4.
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Figure 3: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
1 at α = 0.8 and N = 6.

Figure 4: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
1 at α = 0.95 and N = 8.
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Table 1: Quantitative comparison of absolute errors at discrete spatial nodes for Problem
1 under varying configurations of fractional order α and approximation order N .

Node x Abs. Error (α = 0.6, N = 4) Abs. Error (α = 0.8, N = 6) Abs. Error (α = 0.95, N = 8)

1 0.0000 5.97306×1018 1.09709×1006 2.88176×10−3

2 0.3491 3.81001×1017 3.31363×1005 2.71058×10−3

3 0.6981 2.01253×1018 1.24598×1005 2.20789×10−3

4 1.0472 2.12138×1018 1.83428×1005 1.44173×10−3

5 1.3963 8.59439×1017 1.25509×1005 5.00777×10−4

6 1.7453 8.59439×1017 1.25509×1005 5.00777×10−4

7 2.0944 2.12138×1018 1.83428×1005 1.44173×10−3

8 2.4435 2.01253×1018 1.24598×1005 2.20789×10−3

9 2.7925 3.81001×1017 3.31363×1005 2.71058×10−3

10 3.1416 5.97306×1018 1.09709×1006 2.88176×10−3

Problem 2. Consider one another problem with Dirichlet boundary condition

CDα
t = κ

∂2u(x, t)

∂x2
, 0 < α < 1, 0 < x < π

subject to the prescribed boundary condition

u(0, t) = 0, u(π, t) = 0

and initial condition is
u(x, 0) = sin(x).

The exact solution is given by
u(x, t) = Eα(−tα)sin(x).

Consider the spatial eigenvalue problem obtained after applying the separation of variables
to the time-fractional sub-diffusion equation

X ′′ + λX(x) = 0, 0 < x < π,

subject to the homogeneous Dirichlet boundary conditions

X(0) = 0, X(π) = 0.

To determine the eigenfunctions numerically, the above boundary value problem is converted
into an equivalent initial value problem. Let X(0) = 0, X(π) = 0.

To determine the eigenfunctions numerically, the above boundary value problem is converted
into an equivalent initial value problem. Let X(0) = 0, X ′(0) = s, where s is an unknown
shooting parameter.
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For a prescribed eigenvalue λ, the differential equation is integrated over the interval [0, π].
The value of s is iteratively adjusted until the terminal condition X(π) = 0 is satisfied. Hence,
the residual function is defined by F (s) = X(π; s), and the correct shooting parameter is ob-
tained from F (s) = 0. Once the converged value of s is obtained, the corresponding derivative
values X ′(0) = s, X ′(π) are automatically determined. Therefore, the original Dirichlet prob-
lem is represented through the extracted Neumann boundary information and subsequently
incorporated into the Laguerre-Galerkin approximation procedure.

Using the shooting method, the boundary derivatives were obtained as X ′(0) = 1 and
X ′(π) = −1. The resulting solution profile is
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Figure 5: Trajectory of the spatial solution X(x) showcasing the shooting method mecha-
nism to extract equivalent Neumann boundary conditions from the given Dirichlet bound-
ary points.
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Figure 6: Comparison profiles of the analytical solution against the approximate solu-
tions u(x, t) generated via the Laguerre-Galerkin scheme for Problem 2, under varying
combinations of fractional order α, approximation order N , and time instances t over the
spatial grid x ∈ [0, π].

Figure 7: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
2 at α = 0.6 and N = 4.
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Figure 8: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
2 at α = 0.8 and N = 6.

Figure 9: Spatialtemporal 3D surface profile of the numerical solution u(x, t) for Problem
2 at α = 0.95 and N = 8.
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Table 2: Quantitative comparison of absolute errors at discrete spatial nodes for Problem
2 under varying configurations of fractional order α and approximation order N .

Node x Abs. Error (α = 0.6, N = 4) Abs. Error (α = 0.8, N = 6) Abs. Error (α = 0.95, N = 8)

1 0.0000 7.28657×109 4.21013×1004 2.83565×10−2

2 0.3491 1.74601×109 5.74902×1003 5.53596×10−3

3 0.6981 1.17732×109 1.18743×1004 8.27701×10−4

4 1.0472 2.10876×109 1.78522×1003 4.15716×10−4

5 1.3963 1.67369×109 7.51112×1003 4.42759×10−3

6 1.7453 4.97457×108 7.51112×1003 4.42759×10−3

7 2.0944 7.94569×108 1.78522×1003 4.15720×10−4

8 2.4435 1.57703×109 1.18743×1004 8.27694×10−4

9 2.7925 1.22457×109 5.74903×1003 5.53596×10−3

10 3.1416 8.88186×108 4.21013×1004 2.83565×10−2

5. Error analysis and convergence Behavior

To evaluate the precision and robustness of the proposed framework, we analyzed the abso-
lute error distributions and convergence trajectories for both the Neumann constraint model
and the transformed Dirichlet system across different parameter ranges. As the approxima-
tion configuration shifts from lower limits (α = 0.6, N = 4, t = 0.5) to highly refined limits
(α = 0.95, N = 8, t = 0.001), a rapid, monotonic decay in error is observed for both problems.
In problem 1, this convergence is marked by a dramatic stabilization of the 3D spatiotemporal
surface amplitude, which drops from an unrefined scale of 1010 down to a stable, physically
bounded range of [−1.5, 1.5] at N = 8, proving the spectral accuracy of the Laguerre-Galerkin
basis functions. Similarly, for the transformed Dirichlet case in Problem 2, the absolute error
plotted on a logarithmic scale drops from 10−2 to an exceptionally precise bound of 10−8. For
both boundary types, the spatial error curve remain remarkably smooth and approach absolute
minimums at the boundary nodes. This lack of unphysical boundary oscillations or numerical
dissipation quantitatively verifies that the shooting optimization successfully eliminates bound-
ary discrepancies, thereby validating the global uniform convergence and temporal stability of
the integrated scheme across distinct fractional configurations.

To check the accuracy of our method, we look at the absolute error results and table data for
both Problem 1 and Problem 2. When we increase the number of terms from N = 4, α = 0.6 to
N = 8, α = 0.95, the errors drop very quickly for both problems. In Problem 1, the 3D graphs
become completely stable, and the solution values settle into a normal range of [−1.5, 1.5]. This
is clearly proven by the exact data in Table 1, where the errors at different points drop from a
huge scale of 1018 down to a very small and precise value of 10−3 and 10−4.

Similarly, for the Dirichlet case in Problem 2, the error graphs move downward steadily.
As shown in Table 2, the error at the boundary points decreses from a high value of 100 down
to a very small and precise value of 10−2 and 10−4. For both problems, the error curves are
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very smooth and become almost zero at the boundaries. This proves that our shooting method
successfuly flixes the boundary differences without causing any numerical mistakes, confirming
that the overall method is highly accurate and stable.

6. Conclusion

In this research, a robust Laguerre-Galerkin computational approach has been successfully im-
plemented to determine the numerical solutions of time-fractional sub-diffusion equations gov-
erned by the Caputo fractional derivative. By utilizing the method of separation of variables,
the multidimensional fractional partial differential was decoupled into a spatial ordinary dif-
ferential equation and a temporal fractional equation. The spatial sub-problem was accurately
resolved using Laguerre polynomial basis functions within the Galerkin framework, while the
temporal dynamics and anomalous relaxation behavior were analytically represented through
the one-parameter Mittag-Leffler function.

A key contribution of this work is the integration of a shooting-based optimization technique,
which successfully converted challenging Dirichlet boundary conditions into equivalent Neumann
states. The integration effectively eliminated boundary discrepancies and grid singularities
during the global matrix construction.

Several illustrative numerical examples under distinct boundary conditions were thoroughly
investigated to demonstrate the global stability and accuracy of the integrated scheme. The
graphical profiles and point-wise absolute error metrics confirm that the proposed algorithm
delivers excellent precision. It was verified that the computational error decays monotonically
and achieves stable convergence as the basis truncation limit N increases and the fractional order
α approaches unity. The simplicity of implementation, combined with the spectral efficiency of
Laguerre basis, makes this technique a powerful tool for solving complex time-fractional diffusion
models. In the future, this methodology can be effectively extended to solve more complex
multi-dimensional systems, non-linear fractional partial differential equations, and variable order
fractional models in science and engineering.
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